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VARIOUS GENERALIZATIONS AND DEFORMATIONS OF PSL(2,R)
SURFACE GROUP REPRESENTATIONS AND THEIR HIGGS BUNDLES
BRIAN COLLIER
Abstract. Recall that the group PSL(2,R) is isomorphic to PSp(2,R), SO0(1, 2) and PU(1, 1).
The goal of this paper is to examine the various ways in which Fuchsian representations of the
fundamental group of a closed surface of genus g into PSL(2,R) and their associated Higgs
bundles generalize to the higher rank groups PSL(n,R), PSp(2n,R), SO0(2, n), SO0(n, n+ 1)
and PU(n, n). For the SO0(n, n+1)-character variety, we parameterize n(2g−2) new connected
components as the total space of vector bundles over appropriate symmetric powers of the
surface and study how these components deform in the SO0(n, n + 2)-character variety. This
generalizes results of Hitchin for PSL(2,R).
1. Introduction
Since Hitchin introduced Higgs bundles, they have been effectively used to count connected
components of the character variety of surface group representations in a reductive Lie group. Even
more, when one is lucky, Higgs bundles can be used to explicitly parameterize certain connected
components of the character variety. For a closed surface S with genus g ≥ 2, Hitchin [17] gave
an explicit parameterization of all but one of the connected components of the character variety
of conjugacy classes of representations of the fundamental group of S in the Lie group PSL(2,R).
Namely, he showed that each component with nonzero Euler class is diffeomorphic to the total
space of a smooth vector bundle over an appropriate symmetric product of the surface. When
the Euler class obtains its maximal value, this recovers the classical parameterization of the set of
Fuchsian representations (which is identified with the Teichmüller space of S) as a vector space
of complex dimension 3g − 3. The component with zero Euler class is the only component which
contains representations with compact Zariski closure.
Hitchin later showed that the PSL(n,R)-character variety has three connected components1,
two in which all representations can be deformed to compact representations and one in which no
representation can be deformed to a compact representation [18]. Moreover, this last component,
now called the Hitchin component, can be interpreted as a deformation space of Fuchsian repre-
sentations, and thus, generalizes the Teichmüller space of S to the PSL(n,R)-character variety. In
fact, Hitchin parameterized the Hitchin component by a vector space of holomorphic differentials
on the surface S equipped with a Riemann surface structure.
The focus of this paper is to describe other generalizations of surface group representations into
PSL(2,R) and their associated Higgs bundles by using the low dimensional isomorphisms:
PSL(2,R) ∼= PSp(2,R) ∼= SO0(2, 1) ∼= PU(1, 1) .
Namely, we will consider groups locally isomorphic to
PSL(n,R) , PSp(2n,R) , SO0(2, n) , SO0(n, n+ 1) and PU(n, n) .
All of these families of groups are split real groups (PSL(n,R), PSp(2n,R), SO0(n, n+1)) or groups
of Hermitian type (PSp(2n,R), SO0(2, n), PU(n, n)). Hitchin’s description of the PSL(n,R)-
Hitchin component can be adapted to any split real group. Thus, for each of the split groups,
there is a special connected component, also called the Hitchin component, which can be thought
of as a deformation space of Fuchsian representations. In the Hermitian case, there is an integer
invariant called the Toledo invariant which generalizes the Euler class. This invariant again is
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1More precisely, the character variety of PSL(2n,R) has six components which come in three isomorphic pairs.
These pairs are identified via the action of the outer automorphism group of PSL(2n,R).
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bounded in absolute value, and the representations with maximal Toledo invariant are of partic-
ular interest. Indeed, Hitchin representations and maximal representations are the only known
connected components of surface group character varieties which consist entirely of representations
that satisfy Labourie’s Anosov condition [20, 5].
For the group PU(n, n), the space of maximal representations in connected [22]. Moreover,
all maximal representations lift to SU(n, n)-representations, and the space of maximal Sp(2n,R)-
representations is a subset of the space of maximal SU(n, n)-representations. We will not focus on
maximal PU(n, n)-representations, but will discuss the case of maximal Sp(2n,R)-representations.
Maximal representations into Sp(2n,R) have been studied by many authors from various per-
spectives. For n ≥ 3, the space maximal Sp(2n,R)-representations all behave in a similar manner.
Namely, there are 3 · 22g connected components of maximal representations [11] and every com-
ponent can be interpreted as a deformation space of Fuchsian representations [16] (see section
4). However, when n = 2 the space of maximal Sp(4,R)-representations behave quite differently
than the general case. In particular, there are many more connected components [15], and there
are connected components which are smooth and consist entirely of Zariski dense representations
[4]. In other words, there are connected components of maximal Sp(4,R)-representations which
cannot be interpreted as deformation spaces of Fuchsian representations.
We will show how the strange behavior of maximal Sp(4,R)-representations can be interpreted
as a consequence of the low dimensional isomorphism SO0(2, 3) ∼= PSp(4,R). Namely, for each
integer d ∈ (0, n(2g− 2)], we will construct a connected component of the SO0(n, n+1)-character
variety which directly generalizes the exceptional components of maximal Sp(4,R)-representations
(see Theorem 6.1). Each of these components is parameterized by a smooth vector bundle over
an appropriate symmetric product of the surface. Moreover, when the integer d is maximal (i.e.
d = n(2g − 2)), this component recovers the SO0(n, n+ 1)-Hitchin component.
Note that when n ≥ 3, SO0(n, n+1) is not a group of Hermitian type, so these new connected
components do not arise from the maximality of a known topological invariant. Interestingly, the
special features of maximal SO0(2, 3) representations can be viewed as a generalization of Hitchin’s
description of the PSL(2,R)-character variety by using the isomorphism PGL(2,R) = SO(2, 1) (see
section 3). Finally, we will study how these exotic connected components of the SO0(n, n + 1)-
character variety deform in the SO0(n, n+ 2)-character variety.
Sections 2, 3, and 4 are mostly a survey of known results. Sections 5, and 6 contain new results,
some of which were part of the author’s thesis, and will appear in [1], [6], and [2].
Acknowledgments The author’s research is supported by the National Science Foundation
under Award No. 1604263.
2. Surface group representations and Higgs bundles
Let S be an orientable closed surface of genus g ≥ 2 and G be a connected real (semi)simple
algebraic Lie group. Denote the fundamental group of S by Γ. The set of representations of Γ in
G is defined to be the set of group homomorphisms Hom(Γ,G). Since G is algebraic and Γ has a
finite presentation, Hom(Γ,G) can be given the structure of an algebraic variety. A representation
ρ ∈ Hom(Γ,G) is called reductive if the Zariski closure of ρ(Γ) is a reductive subgroup of G. Denote
the space of reductive representations by Hom+(Γ,G).
Definition 2.1. The G-character variety X (Γ,G) is the space X (Γ,G) = Hom+(Γ,G)/Inn(G)
where Inn(G) denotes the set of inner automorphism of G.
The G-character variety is an algebraic variety of dimension dim(G)(2g − 2) (see [13]).
Example 2.2. The set of Fuchsian representations Fuch(Γ) ⊂ X (Γ,PSL(2,R)) is defined to
be the subset of conjugacy classes of faithful representations with discrete image. The space
Fuch(Γ) defines two isomorphic connected components of X (Γ,PSL(2,R)) [14] and is in one to one
correspondence with the Teichmüller space of isotopy classes of marked Riemann surface structures
on the orientable surface S.
Recall that the universal cover S˜→S is a principal Γ-bundle. Thus, associated to a represen-
tation ρ : Γ→G, there is a flat principal G bundle S˜ ×ρ G on S. For connected groups, topological
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G-bundles on S are classified by a characteristic class
ω ∈ H2(S, π1G) ∼= π1H
where H ⊂ G is a maximal compact subgroup. Thus, the G-character variety decomposes as
X (Γ,G) =
⊔
ω∈π1H
Xω(Γ,G)
where the equivalence class of a reductive representation ρ : Γ→G lies in Xω(Γ,G) if and only if
the flat G bundle determined by ρ has topological type determined2 by ω ∈ π1H.
In general, the number of connected components of the character variety of a simple Lie group
G has not been established. However, there have been many partial results. For instance, when G
is compact and semisimple, the spaces Xω(Γ,G) are connected and nonempty [27]. This implies
the following proposition.
Proposition 2.3. If G is a connected real semisimple Lie group such that the maximal compact
subgroup H is semisimple, then, for each ω ∈ π1H, the space X
ω(G) is nonempty. Moreover,
each component Xω(Γ,G) contains a unique connected component with the property that every
representation in it can be continuously deformed to a representation with compact Zariski closure.
The above proposition implies that, when G is a connected semisimple complex Lie group, the
space Xω(Γ,G) is nonempty for each ω ∈ π1H. In fact, Li proved that for complex semisimple Lie
groups, each of the spaces Xω(Γ,G) is connected [21]. In particular, we have the following:
Corollary 2.4. If G is a semisimple complex Lie group, then any representation ρ ∈ X (Γ,G) can
be continuously deformed to a representation with compact Zariski closure.
A semisimple Lie group G whose maximal compact subgroup is not semisimple but only reduc-
tive is called a group of Hermitian type. When G is simple and of Hermitian type, the center of the
maximal compact subgroup has dimension one and defines a subgroup of π1H which is isomorphic
to Z. For example, Sp(2n,R) is a group of Hermitian type since the maximal compact subgroup
of Sp(2n,R) is U(n) and π1U(n) ∼= Z. In the Hermitian case, the character variety decomposes as
X (Γ,G) =
⊔
τ∈Z
X τ (G).
Moreover, the spaces X τ (G) and X−τ (G) are isomorphic and nonempty for only finitely many
values of τ ∈ Z. Let M be the largest value of τ such that X τ (G) is nonempty. The set of
representations in XM (G) is called the set of maximal representations. The value of M depends
only on the real rank of the group G, the topology of S and a choice of normalization.
Example 2.5. For G = PSL(2,R), we have π1H = π1SO(2) = Z. Thus,
X (Γ,PSL(2,R)) =
⊔
τ∈Z
X τ (Γ,PSL(2,R)).
In this case, the invariant τ is the Euler class of the circle bundle associated to a flat PSL(2,R)-
bundle. This Euler class satisfies the Milnor-Wood inequality [23]:
|τ | ≤ 2g − 2.
Moreover, the maximal components X 2g−2(Γ,PSL(2,R)) ⊔ X−2g+2(Γ,PSL(2,R)) correspond to
the set of Fuchsian representations from Example 2.2 [14].
2.1. G-Higgs bundles. Unlike the character variety, to describe Higgs bundles we must fix a
Riemann surface structure X on the topological surface S. As before, let G be a real algebraic
simple Lie group with Lie algebra g, and fix H ⊂ G a maximal compact subgroup with Lie algebra
h. Let g = h⊕ m be the corresponding Cartan decomposition of the Lie algebra g. The splitting
g = h⊕m is invariant with respect to the adjoint action of H on g. Complexifying everything gives
an AdHC invariant decomposition gC = hC ⊕mC. If P is a principal G-bundle and α : G→GL(V ) is
a linear representation, denote the associated vector bundle P ×G V by P [V ].
2For nonconnected groups, this is not true. In the nonconnected case, there are two characteristic classes, one
in H1(S, pi0(H)) and one in H2(S, pi1H)). As we will see for G = SO(2, 1), the topological type of a G-bundle is not
always uniquely determined by these invariants. See [26] and [12] for more details on nonconnected groups.
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Definition 2.6. A G-Higgs bundle is a pair (P , ϕ) where P is a holomorphic principal HC-bundle
and ϕ ∈ H0(X,P [mC] ⊗K) is a holomorphic section of the associated mC-bundle twisted by the
canonical bundle K of X.
Example 2.7. If G is compact, then HC = GC and mC = {0}. Thus for compact groups, a Higgs
bundle is the same as a holomorphic principal GC-bundle.
If α : HC→GL(V ) is a linear representation of HC, then the data of a G-Higgs bundle can
be described by the vector bundle associated to α and a section of another associated bundle.
For instance, when G = SL(n,C) and α : SL(n,C)→GL(Cn) is the standard representation, an
SL(n,C)-Higgs bundle (P , ϕ) defines the data of a rank n holomorphic vector bundle E→X with
Λn(E) = O and a traceless holomorphic section Φ of End(E) ⊗ K. This allows us to define the
notion of stability and polystability of an SL(n,C)-Higgs bundle.
Definition 2.8. An SL(n,C)-Higgs bundle (E,Φ) is stable if, for all subbundles F ⊂ E with
Φ(F ) ⊂ F ⊗K, we have deg(F ) < 0; (E,Φ) is polystable if it is a direct sum of stable GL(nj ,C)-
Higgs bundles of degree zero.
There are appropriate notions of (semi)stability and polystability for G-Higgs bundle with which
the moduli space of G-Higgs bundles can be defined as a polystable quotient. Rather than recalling
the definition of polystability for G-Higgs bundles, we will use the following result (see [10]).
Proposition 2.9. Let G be a real form of a complex subgroup of SL(n,C). A G-Higgs bundle
(P , ϕ) is polystable if and only if the associated SL(n,C)-Higgs bundle is polystable.
Recall that holomorphic structures on a smooth principal HC-bundle P→X are equivalent to
Dolbeault operators ∂¯P ∈ Ω
0,1(X,P [hC]). The gauge group GHC(P ) of smooth bundle automor-
phisms of P acts on the set of Higgs bundle structures (P , ϕ) = (∂¯P , ϕ) by the adjoint action.
Definition 2.10. The moduli space of G-Higgs bundles M(G) on X is defined as the set of
isomorphism class of polystable G-Higgs bundles.
In fact, the space M(G) can be given the structure of a complex analytic variety of expected
dimension dim(G)(2g − 2) [17, 30, 28]. As with the character variety, for connected groups, the
topological type of the HC bundle of a Higgs bundle (P , ϕ) is determined by a class ω ∈ π1H. If
Mω(G) denotes the set of G-Higgs bundles with topological invariant ω ∈ π1H, then the moduli
space M(G) decomposes as
M(G) =
⊔
ω∈π1H
Mω(G) .
Moreover, we have the following fundamental result which we will use to go back and forth between
statements about the Higgs bundle moduli space and the character variety.
Theorem 2.11. Let X be a Riemann surface with genus at least two and fundamental group Γ.
Let G be a real simple Lie group with maximal compact subgroup H. The moduli space M(G) of
G-Higgs bundles on X is homeomorphic to the G-character variety X (Γ,G). Moreover, for each
ω ∈ π1H, the components M
ω(G) and Xω(Γ,G) are homeomorphic.
Remark 2.12. When G is compact, Theorem 2.11 was proven using the theory of stable holomor-
phic bundles by Narasimhan and Seshedri [25] for G = SU(n), and Ramanathan [27] in general.
For G noncompact, it was proven Hitchin [17] and Donaldson [9] for G = SL(2,C) and Simpson [29]
and Corlette [8] in general using the theory of Higgs bundles. Theorem 2.11 holds more generally
for real reductive Lie groups [10]. We will use this correspondence to, amongst other things, study
the topology of the character variety.
2.2. Vector bundle description for SL(n,R), Sp(2n,R) and SO(p, q)-Higgs bundle. We now
give vector bundle definitions for certain G-Higgs bundles and describe the topological invariants.
SL(n,R)-Higgs bundles: The maximal compact subgroup of SL(n,R) is isomorphic to SO(n) and
the Lie algebra sl(n,R) consists of traceless (n×n)-matrices. Let Q be a positive definite symmetric
quadratic form on Rn. The Cartan decomposition of sl(n,R) is sl(n,R) = so(n)⊕sym0(R
n) where
so(n) = {X ∈ sl(n,R) | XTQ+QX = 0} and sym0(R
n) = {X ∈ sl(n,R) | XTQ = QX} .
Complexifying everything gives sl(n,C) = so(n,C)⊕ sym0(C
n).
VARIOUS GENERALIZATIONS OF PSL(2,R)-HIGGS BUNDLES 5
Definition 2.13. An SL(n,R)-Higgs bundle is pair (E,Φ) where E is a rank n holomorphic bundle
with an orthogonal structure Q such that ΛnE = O and Φ ∈ H0(X,End(E)⊗K) is traceless and
symmetric with respect to Q, i.e. ΦTQ = QΦ.
For n > 2, π1SO(n) = Z2 and the moduli space of SL(n,R)-Higgs bundles decomposes as
M(SL(n,R)) =
⊔
ω∈Z2
Mω(SL(n,R)).
The invariant ω ∈ Z2 of an SL(n,R)-Higgs bundle (E,Φ) is the second Steifel-Whitney class of
the orthogonal bundle E.
Sp(2n,R)-Higgs bundles: Consider the symplectic form Ω =
(
0 Id
−Id 0
)
on C2n. The complex
symplectic group Sp(2n,C) consists of linear transformations g ∈ GL(2n,C) such that gTΩg = Ω.
The Lie algebra sp(2n,C) consists of matrices X such that XTΩ+ΩX = 0. Such an X ∈ sp(2n,C)
is given by X =
(
A B
C −AT
)
where A, B and C are n×n complex matrices with B and C symmetric.
One way of defining the group Sp(2n,R) is as the subgroup of Sp(2n,C) consisting of matrices
with real entries. However, when dealing with Sp(2n,R)-Higgs bundles it will be useful to consider
Sp(2n,R) as the fixed point set of a conjugation λ which acts by λ(g) = ( 0 II 0 ) g (
0 I
I 0 ) .
The fixed points of the induced involution (also denoted by λ) on the Lie algebra sp(2n,C) gives
the Lie algebra sp(2n,R) as the set of matrices X =
(
A B
C −AT
)
where A is a n×n complex valued
matrix with A = −A
T
and B is a complex valued n× n symmetric matrices with C = B. Since
the conjugation λ commutes with the compact conjugation g→g−1
T
of Sp(2n,C), the composition
defines a Cartan involution θ. On the Lie algebra sp(2n,R) the involution θ acts by
θ
((
A B
C −AT
))
=
(
A −B
−C −AT
)
.
Thus, the Cartan decomposition is given by
sp(2n,R) = h⊕m = u(n)⊕ (sym(Rn)⊕ sym(Rn))
where sym(Rn) is the set of symmetric n× n real valued matrices. Complexifying this decompo-
sition gives a decomposition of HC = GL(n,C)-modules
sp(2n,C) = hC ⊕mC = gl(n,C)⊕ Sym
n(V )⊕ Symn(V ∗)
where Symn(V ) denotes the symmetric product of the standard representation of GL(n,C) on Cn.
Definition 2.14. An Sp(2n,R)-Higgs bundle is a triple (V, β, γ) where V is a rank n holomorphic
vector bundle and (β, γ) ∈ H0(X,Sym2(V )⊗K)⊕H0(X,Sym2(V ∗)⊗K).
Let (V, β, γ) be an Sp(2n,R)-Higgs bundle, the holomorphic sections β and γ define holomorphic
symmetric maps
β : V ∗ → V ⊗K and γ : V → V ∗ ⊗K .
The SL(2n,C)-Higgs bundle associated to an Sp(2n,R)-Higgs bundle (V, β, γ) is given by
(E,Φ) =
(
V ⊕ V ∗,
(
0 β
γ 0
))
.
The fundamental group of U(n) is Z, and the invariant ω ∈ Z of an Sp(2n,R)-Higgs bundle (V, β, γ)
is the degree of the bundle V. Moreover, polystability implies that |deg(V )| ≤ n(2g−2) [15]. Thus,
the moduli space decomposes as
M(Sp(2n,R)) =
⊔
|ω|≤n(2g−2)
Mω(Sp(2n,R)).
SO(p, q)-Higgs bundles: Fix Qp and Qq positive definite quadratic forms on R
p and Rq re-
spectively and consider the signature (p, q) form Q =
(
Qp
−Qq
)
on Rp+q. The group SO(p, q)
consists of matrices g ∈ GL(p+ q,R) such that gTQg = Q. The group SO(p, q) has two connected
components, and the connected component of the identity will be denoted by SO0(p, q).
6 BRIAN COLLIER
The Lie algebra so(p, q) consists of matrices X such that XTQ+QX = 0. A matrixX ∈ so(p, q)
decomposes as
(
A −Q−1q B
TQp
B C
)
, where B is a p × q matrix, and A and C are respectively p × p
and q × q matrices which satisfy
ATQp +QpA = 0 and C
TQq +QpC = 0 .
Thus, the Cartan decomposition is given by
so(p, q) = h⊕m = (so(p)⊕ so(q))⊕ Hom(Rp,Rq).
Complexifying this decomposition gives a decomposition of HC = S(O(p,C) × O(q,C))-modules
3
so(p+ q,C) = hC ⊕mC = (so(p,C)⊕ so(q,C))⊕ Hom(V,W )
where V and W denote the standard representations of SO(p,C) and SO(q,C) respectively.
Definition 2.15. An SO(p, q)-Higgs bundle is a triple (V,W, η) where V and W are holomorphic
orthogonal bundles of rank p and q respectively such that ΛpV = ΛqW, and
η ∈ H0(X,Hom(V,W )⊗K) .
An SO0(p, q)-Higgs bundle is an SO(p, q)-Higgs bundle (V,W, η) such that Λ
pV = ΛqW = O.
Let (V,W, η) be an SO(p, q)-Higgs bundle, the orthogonal structures on V and W are holomor-
phic sections of Sym2V and Sym2W which define holomorphic symmetric isomorphisms
QV : V → V
∗ and QW :W →W
∗ .
The SL(p+ q,C)-Higgs bundle associated to an SO(p, q)-Higgs bundles is given by
(2.1) (E,Φ) =
(
V ⊕W,
(
0 η†
η 0
))
where η† = −Q−1q ◦ η ◦Qp ∈ H
0(Hom(W,V )⊗K).
For 2 < p ≤ q, the fundamental group of SO0(p, q) is Z2 × Z2, and the invariant ω ∈ Z2 × Z2
of an SO0p, q)-Higgs bundle (V,W, η) is given by the second Stiefel-Whitney classes (sw
p
2 , sw
q
2) of
V and W. Thus, the moduli space decomposes as
M(SO0(p, q)) =
⊔
(swp
2
,sw
q
2
)
Msw
p
2
,sw
q
2 (SO0(p, q)).
For a SO(p, q)-Higgs bundle (V,W, η), the first Stiefel-Whitney class of ΛpV = ΛqW defines
another invariant and M(SO(p, q)) =
⊔
(sw1,sw
p
2
,sw
q
2
)
M
sw
p
2
,sw
q
2
sw1 (SO(p, q)).
3. The PGL(2,R) = SO(1, 2)-character variety
For SO(1, 2), we can explicitly describe the Higgs bundle moduli space. Moreover, in this case,
the connected component description is deduced from topological invariants of orthogonal bundles.
We will see in later sections how these descriptions generalize to higher rank generalizations of
SO0(1, 2) = PSL(2,R) = PSp(2,R).
Using Definition 2.15, an SO(1, 2)-Higgs bundle (V,W, η) is given by (Λ2W,W, η) where W is a
rank two holomorphic vector bundle with an orthogonal structure QW . The SL(3,C)-Higgs bundle
associated to (Λ2W,W, η) is given by (2.1) and will be represented schematically as
(3.1) Λ2W
η
77 W
η†
tt
,
where we have suppressed the twisting by K from the notation. The topological invariants of an
orthogonal bundle on X are a first and second Stiefel-Whitney class (sw1, sw2) ∈ H
1(X,Z2) ⊕
3Note that this splitting is also preserved by HC,0 = SO(p,C)× SO(q,C).
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H2(X,Z2). If M
sw2
sw1
(SO(1, 2)) is the moduli space of SO(1, 2)-Higgs bundles consisting of triple
(Λ2W,W, η) where the first and second Stiefel-Whitney classes W are (sw1, sw2), then
(3.2) M(SO(1, 2)) =
⊔
(sw1,sw2)∈
H1(X,Z2)⊕H
2(X,Z2)
Msw2sw1(SO(1, 2)).
If the first Stiefel-Whitney class of W vanishes, then the structure group of W reduces to
SO(2,C). Since SO(2,C) ∼= C∗, the holomorphic orthogonal bundle (W,QW ) is isomorphic to(
M ⊕M−1,
(
0 1
1 0
))
whereM ∈ Picd(X) is a degree d holomorphic line bundle. In this case, the second Stiefel-Whitney
class is given by the degree of M mod 2, and the Higgs field η decomposes as
η = (µ, ν) ∈ H0(M−1K)⊕H0(MK).
In this case, the associated SL(3,C)-Higgs bundle given by
(3.3) M
µ
88 O
µ
77
ν
ww
M−1
ν
xx
.
The following two propositions are immediate.
Proposition 3.1. If deg(M) > 0, then the SO(1, 2)-Higgs bundle (3.3) is polystable if and only if
µ 6= 0 ∈ H0(M−1K). If deg(M) < 0 then the SO(1, 2)-Higgs bundle (3.3) is polystable if and only
if ν 6= 0 ∈ H0(MK). Thus, |deg(M)| ≤ 2g − 2.
Proposition 3.2. The S(O(1,C)× O(2,C)) gauge transformation
(3.4)
 −1−1
−1
 :M ⊕O ⊕M−1 −→M−1 ⊕O ⊕M
defines an isomorphism between (M,µ, ν) and (M−1, ν, µ). Thus we may assume deg(M) ≥ 0.
LetMd(SO(1, 2)) denote the moduli space of polystable SO(1, 2)-Higgs bundles of the form (3.1)
with vanishing first Stiefel-Whitney class and deg(M) = d. The moduli space Msw1=0(SO(1, 2))
decomposes as
(3.5) Msw1=0(SO(1, 2)) =
⊔
0≤d≤2g−2
Md(SO(1, 2)).
Remark 3.3. Note that the switching isomorphism (3.4) is in the S(O(1,C) × O(2,C))-gauge
group but not the SO(1,C) × SO(2,C)-gauge group. In fact, the moduli space M(SO0(1, 2)) is
a double cover of M(SO(1, 2)). The inverse image of the map M(SO0(1, 2)) → Md(SO(1, 2)) is
connected when d = 0 and consists of two isomorphic components if d 6= 0.
Hitchin proved the following theorem for PSL(2,R) = SO0(1, 2).
Theorem 3.4. (Theorem 10.8 [17]) Let X be a Riemann surface of genus g ≥ 2. For each integer
d ∈ (0, 2g− 2], the moduli space Md(SO(1, 2)) is smooth and diffeomorphic to a rank (d+ g − 1)-
vector bundle Fd over the (2g − 2− d)
th-symmetric product Sym2g−2−d(X).
Proof. Let F˜d = {(M,µ, ν) | M ∈ Pic
d(X), µ ∈ H0(M−1K) \ {0}, ν ∈ H0(MK)}. By the
above discussion, there is a surjective map F˜d→Md(SO(1, 2)) defined by sending (M,µ, ν) to
the isomorphism class of the Higgs bundle (3.1). It is straight forward to check that two points
(M,µ, ν) and (M ′, µ′, ν′) in F˜d lie in the same S(O(1,C) × O(2,C))-gauge orbit if and only if
M ′ = M, µ′ = λµ and ν′ = λ−1ν for λ ∈ C∗. This gives a diffeomorphism between the quotient
space Fd = F˜d/C
∗ and the moduli spaceMd(SO(1, 2)). The map πd : Fd→Sym
2g−2−d(X) defined
by taking the projective class of µ is surjective. For a divisorD ∈ Sym2g−2−d(X), the fiber π−1(D)
is identified (non-canonically) with H0(O(−D)K2) ∼= Cd+g−1 where O(−D) is the inverse of the
line bundle associated to D. 
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Remark 3.5. Note that when d is maximal, the moduli space M2g−2(SO(1, 2)) is diffeomor-
phic to the vector space H0(K2) of holomorphic quadratic differentials on X. Indeed, in this
case, µ ∈ H0(M−1K) \ {0}, so M = K and ν ∈ H0(K2). The associated connected component
X2g−2(SO(1, 2)) is the set of Fuchsian representations from Example 2.2.
Theorem 3.6. The space M0(SO(1, 2)) retracts onto Pic
0(X)/Z2 where Z2 acts by inversion.
Proof. Let (M,µ, ν) be an SO(1, 2)-Higgs bundle with deg(M) = 0. The associated SL(3,C)-Higgs
(E,Φ) bundle is given by (3.1). Note that the bundle E = M ⊕ O ⊕M−1 is polystable as a
holomorphic vector bundle. Thus, the one parameter family (E, tΦ) has lim
t→0
(E, tΦ) = (E, 0). In
terms of the data (M,µ, ν) this one parameter family is given by (M, tµ, tν). The moduli space
hence deformation retracts onto the space Pic0(X)/Z2 where Z2 acts by inversion via the gauge
transformation (3.4). 
Remark 3.7. Note that the connected components Md(SO(1, 2)) can be deformed to each other
in M(SO0(1, 3)). Indeed, SO0(1, 3) ∼= PSL(2,C) and M(PSL(2,C)) has only two connected com-
ponents which are distinguished by a second Stiefel-Whitney class. In particular, Md(SO(1, 2))
can be deformed to Md′(SO(1, 2)) inside M(SO0(1, 3)) if and only if d = d
′ mod 2.
So far we have assumed that the first Stiefel-Whitney class of the O(2,C)-bundle W is zero.
Equivalently, we have only considered SO(1, 2)-Higgs bundles which reduce to SO0(1, 2)-Higgs
bundles. We now recall Mumford’s description of holomorphic O(2,C)-bundles [24].
Let W→X be a holomorphic rank two vector bundle equipped with an orthogonal structure
QW with nonzero first Stiefel-Whitney class sw1 ∈ H
1(X,Z2) \ {0}. Let π : Xsw1→X denote
the corresponding connected orientation double cover associated to sw1. Note that π
∗(det(W )) =
OXsw1 . Let ι : Xsw1→Xsw1 denote the covering involution, and consider the space
(3.6) Prym(Xsw1 , X) = {M ∈ Pic
0(Xsw1) | ι
∗M =M−1} ⊂ Pic0(Xsw1)
Proposition 3.8. For sw1 ∈ H
1(X,Z2) \ {0} let π : Xsw1→X be the corresponding unramified
double cover, and denote the covering involution by ι : Xsw1→Xsw1 . There is a bijection between
Prym(Xsw1 , X) and holomorphic O(2,C)-bundles on X with first Stiefel-Whitney class sw1.
Proof. Let (W,QW ) be a holomorphic O(2,C)-bundle on X. Since Xsw1 is the orientation double
cover, sw1(π
∗W,π∗QW ) = 0. Thus,
(π∗W,π∗QW ) =
(
M ⊕M−1,
(
0 1
1 0
))
and (π∗W,π∗QW ) is invariant under the covering involution
ι∗(M ⊕M−1) = ι∗M ⊕ ι∗M−1 ∼= M ⊕M−1.
Given M ∈ Pic0(Xsw1) with ι
∗M = M−1, (W,QW ) = (π∗M,π∗ι
∗) is an orthogonal bundle. Since
Xsw1→X is unramified, π
∗π∗(M) =M ⊕ ι
∗M , and the above construction gives a bijection. 
Remark 3.9. There are two connected components of Prym(Xsw1 , X). For M ∈ Prym(Xsw1 , X),
the second Stiefel-Whitney class of the orthogonal bundle π∗M distinguishes the connected com-
ponent which contains M [24]. Therefore we will write
(3.7) Prym(Xsw1 , X) =
⊔
sw2∈H2(X,Z2)
Prymsw2(Xsw1 , X) .
The connected component of the identity is the Prym variety of the cover π : Xsw1 → X.
It is not hard to show that the holomorphic bundle W ⊕ Λ2W of a polystable Higgs bundle
of the form (3.1) with nonzero first Stiefel-Whitney class is polystable as a vector bundle. Fur-
thermore, the S(O(1,C)×O(2,C))-gauge transformation (gΛ2W , gW ) = (det(QW ), QW ) defines an
isomorphism between (W, η) and (W ∗, η†). Thus, as an analog of Theorem 3.6 we have:
Theorem 3.10. For (sw1, sw2) ∈ (H
1(X,Z2) \ {0})×H
2(X,Z2), the space M
sw2
sw1
(SO(1, 2) from
(3.2) deformation retracts onto the space Prymsw2(Xsw1 , X)/Z2 where Z/2 acts by inversion.
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Corollary 3.11. Let Xd(Γ, SO(1, 2)) and X
sw2
sw1
(Γ, SO(1, 2)) denote the connected components of
the character variety associated toMd(SO(1, 2)) andM
sw1
sw2
(SO(1, 2)). If ρ ∈ X (Γ, SO(1, 2)), then ρ
can be deformed to a representation with compact Zariski closure if and only if ρ is in X0(SO(1, 2))
or X sw2sw1 (SO(1, 2)) with sw1 6= 0.
Proof. Recall that a representation ρ : Γ→ SO(1, 2) has compact Zariski closure if and only if the
Higgs field of the corresponding Higgs bundle is identically zero. By the above theorems this only
happens in the components M0(SO(1, 2)) or M
sw2
sw1
(SO(1, 2)) with sw1 6= 0. 
4. Deforming into Hitchin representations and maximal representations
We now describe some generalizations and deformations of SO(1, 2) and PSL(2,R) representa-
tions into split real groups and groups of Hermitian type. Hitchin representations into split groups
and maximal representations into Hermitian groups define important families of connected com-
ponents of the character variety since they are the only known components that consist entirely of
representations satisfying Labourie’s Anosov property [20, 5]. Here we will show that, apart from
maximal SO0(2, 3)-representations, all maximal representations in Sp(2n,R) and SO0(2, n) and all
Hitchin representations can be interpreted as deformation spaces of Fuchsian representations.
For PSL(2,R) = SO0(1, 2), by Remark 3.5, the Higgs bundles which give rise to Fuchsian
representations are given by
K
1
55 O
1
33
q2
uu
K−1
q2
uu
.
Lifting such a Higgs bundle to an SL(2,R)-Higgs bundle is determined by choosing a square root
K
1
2 of K. Namely, the SL(2,R)-Higgs bundles are given by (E,Φ) =
(
K
1
2 ⊕K−
1
2 ,
(
0 q2
1 0
))
.
Indeed, the second symmetric product of such an (E,Φ) gives the SO0(1, 2)-Higgs bundle above.
The Sp(2,R)-Higgs bundle associated to (E,Φ) is (V, β, γ) = (K
1
2 , q2, 1). We will refer to such
Higgs bundles as Fuchsian Higgs bundles.
4.1. The Hitchin component. Let G be a split real Lie group, the classical split Lie groups are
PSL(n,R), SO0(n, n+1), PSp(2n,R) and PSO0(n, n). For such a group, Kostant [19] showed that
there exists a special embedding of PSL(2,R) into G called the principal embedding, for details
on the principal embedding see section 3 of [18]. The principal embedding defines an “irreducible”
way of deforming PSL(2,R)-representations into X (Γ,G). When G = PSL(n,R) this embedding
comes from the unique n-dimensional irreducible representation of PSL(2,R), namely the (n−1)st
symmetric product of the standard representation of PSL(2,R).
Definition 4.1. For a split real Lie group G, the Hitchin component Hit(G) is the connected
component of X (Γ,G) which contains ι◦ρFuch for ρFuch : Γ→ PSL(2,R) a Fuchsian representation
and ι : PSL(2,R)→G the principal embedding.
Theorem 4.2. ([18]) The Hitchin component Hit(G) is smooth and diffeomorphic to a vector space
of dimension dim(G)(2g − 2). Moreover, the Hitchin component does not contain representations
with compact Zariski closure.
Remark 4.3. For the classical groups, the Hitchin component is parameterized as follows:
Hit(PSL(n,R)) ∼=
n⊕
j=2
H0(Kj) , Hit(SO0(n, n+ 1)) =
n⊕
j=1
H0(K2j)
Hit(PSp(2n,R)) ∼=
n⊕
j=1
H0(K2j) and Hit(PSO0(n, n)) =
n−1⊕
j=1
H0(K2j)⊕H0(Kn) .
Hitchin representations into PSL(2n,R), PSp(2n,R) and PSO0(2n, 2n) always lifts to SL(2n,R),
Sp(2n,R), and SO0(2n, 2n). In all cases, there are 2
2g choices of lifts, and each choice defines a
different connected component of the appropriate character variety.
Proposition 4.4. An SL(n,R)-Higgs bundle (E,Φ) defines a point in a Hitchin component if it
is gauge equivalent to
E = K
n−1
2 ⊕K
n−3
2 ⊕ · · · ⊕K
3−n
2 ⊕K
1−n
2
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and
(4.1) Φ =

0 q2 q3 · · · qn−1 qn
1 0 q2 · · · qn−2 qn−1
. . .
. . .
. . .
1 0 q2 q3
1 0 q2
1 0

: E −→ E ⊗K .
Here qj ∈ H
0(Kj) and the orthogonal structure on E is given by the pairing on each Kj ⊕K−j.
Remark 4.5. Note that when n is even, we have to choose a square root of the canonical bundle.
The 22g components of Hit(SL(2n,R)) are given by twisting the bundle E in Proposition 4.4 by
the 22g square roots of the trivial bundle. Also, note that the zero locus of q2, · · · , qn is the
(n− 1)st symmetric product of the Fuchsian Higgs bundle
(
K
1
2 ⊕K−
1
2 , ( 0 01 0 )
)
. In particular, the
representation Γ → SL(n,R) corresponding to the zero locus of q2, · · · , qn is given by ι ◦ ρ̂Fuch
where ρ̂Fuch : Γ→ SL(2,R) is a lift of a Fuchsian representation and ι : SL(2,R)→ SL(n,R) is the
principal embedding. In fact, it can be shown that the Fuchsian representation ρFuch uniformizes
the Riemann surface X.
For the groups SO0(n, n+1) and Sp(2n,R), the Hitchin component(s) can be seen as the subsets
of the SL(2n+1,R) and SL(2n,R) Hitchin component(s) defined by the vanishing the differentials
of odd degree. More precisely, we have the following proposition.
Proposition 4.6. An SO0(n, n+ 1)-Higgs bundles (V,W, η) is in the Hitchin component if
V = Kn−1 ⊕Kn−3 ⊕ · · · ⊕K3−n ⊕K1−n , W = Kn ⊕Kn−2 ⊕ · · · ⊕K2−n ⊕K−n
and η is the component of the Higgs field (4.1) which maps V to W ⊗K.
An Sp(2n,R)-Higgs bundle (V, β, γ) is in a Hitchin component if, for a choice of K
1
2 ,
V = K
2n−1
2 ⊕K
2n−5
2 ⊕ · · · ⊕K
7−2n
2 ⊕K
3−2n
2
and β and γ are the components of the Higgs field (4.1) which map V ∗ to V ⊗K and V to V ∗⊗K.
The Hitchin component(s) for SO0(n, n) cannot be defined as a subspace of the SL(2n,R)-
Hitchin component. Rather, it is can be interpreted as the deformation space of SO0(n, n − 1)
Hitchin representations in the SO0(n, n)-character variety
4.
Proposition 4.7. An PSO0(n, n)-Higgs bundles (V,W, η) is in the Hitchin component if
W = W0 ⊕O and η = (η0 , ηPf ) : V →W0 ⊗K ⊕K
are such that (V,W0, η0) defines a Higgs bundles in the SO0(n, n − 1)-Hitchin component and
ηPf : V → K is given by
(0, 0, · · · , 0, qn) : K
n−1 ⊕Kn−3 ⊕ · · · ⊕K3−n ⊕K1−n −→ K.
Remark 4.8. When n is odd, SO0(n, n) = PSO0(n, n) and there is only one SO0(n, n)-Hitchin
component. However, when n is even, SO0(n, n) is a double cover of PSO0(n, n). In this case,
there are 22g connected components of M(SO0(n, n)) which map to the Hitchin component of
PSO0(n, n). These 2
2g components are distinguished by twisting both V and W from Proposition
4.7 by one of the 22g square roots of the trivial bundle.
Hitchin proved the following theorem concerning the connected components of X (Γ,PSL(n,R).
Theorem 4.9. ([18]) If ρ ∈ X (Γ,PSL(n,R)) and n > 2, then either ρ is a Hitchin representation
or it can be continuously deformed to a representation with compact Zariski closure. In particular,
X (Γ,PSL(n,R)) has three connected components if n is odd and six connected components which
come in isomorphic pairs when n is even.
Thus, for PSL(n,R) the connected components of X (PSL(n,R)) satisfy the following dichotomy.
4Indeed, one can show that the action of the principal embedding ι : PSL(2,R) → SO(n, n) on R2n via the
standard representations preserves a splitting Rn,n = Rn,n−1 ⊕ R0,1.
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Corollary 4.10. If ρ ∈ X (PSL(n,R)) with n > 2, then we have the following dichotomy:
• either ρ can be continuously deformed to a representation with compact Zariski closure
• or ρ can be continuously deformed to a representation ι ◦ ρFuch where ρFuch : Γ →
PSL(2,R) is a Fuchsian representations and ι : PSL(2,R) → PSL(n,R) is the principal
embedding.
For the other split groups such as SO(n, n+1) and Sp(2n,R) the situation is more complicated.
4.2. Deforming into maximal representations. We now describe how, for n > 2, the set
of maximal Sp(2n,R) and SO0(2, n + 1) representations can be realized as deformation spaces
of Fuchsian representations. This follows from combining the work of [16] with [11] and [3].
Note that we have the following isomorphisms PSp(2,R) ∼= SO0(2, 1) and PSp(4,R) ∼= SO0(2, 3)).
Maximal SO0(2, 1)-representations are exactly Fuchsian representations, and maximal SO0(2, 3)
representations will be described in the next section.
Maximal Sp(2n,R): Recall from Definition 2.14 that an Sp(2n,R)-Higgs bundle is given by a
triple (V, β, γ) where V is a rank n holomorphic vector bundle, β ∈ H0(Sym2(V ) ⊗ K), and
γ ∈ H0(Sym2(V ∗) ⊗K). Moreover, the Toledo invariant of (V, β, γ) is given by the degree of V.
In this case, the Milnor-Wood |deg(V )| ≤ n(g − 1).
It is shown in [15] that, if (V, β, γ) is a maximal Sp(2n,R)-Higgs bundle, then γ : V → V ∗ ⊗K
is an isomorphism. Thus, V ⊗K−
1
2 is a holomorphic rank n orthogonal bundle since
γ∗ ◦ γ : V ⊗K−
1
2 → V ∗ ⊗K
1
2
defines a symmetric isomorphism. The Stiefel-Whitney classes of V ⊗K−
1
2 give new topological
invariants of maximal Sp(2n,R)-Higgs bundles. In [11] it is shown that for n > 2 the space of
maximal Sp(2n,R)-Higgs bundles has 3 · 22g connected components, 22g-Hitchin components and
22g+1 components determined by Stiefel-Whitney classes. In particular, we have the following:
Theorem 4.11. ([11]) If (V, β, γ) is a maximal Sp(2n,R)-Higgs bundle that is not in a Hitchin
component and n > 2, then the first and second Stiefel-Whitney classes of V ⊗ K−
1
2 uniquely
determine the connected component of (V, β, γ) in M(Sp(2n,R)).
Recall that if ρ : Γ→ SL(2,R) is a lift of a Fuchsian representation, then the associated Sp(2,R)-
Higgs bundle is given by (V, β, γ) = (K
1
2 , q2, 1) where q2 is a holomorphic quadratic differential.
Consider the Sp(2n,R)-Higgs bundle which is the direct sum of (K
1
2 , q2, 1) with itself n-times
(V, β, γ) = (K
1
2 ⊕K
1
2 ⊕ · · · ⊕K
1
2 , q2 ⊕ q2 ⊕ · · · ⊕ q2, 1⊕ 1⊕ · · · ⊕ 1) .
Note that deg(V ) = n(g − 1), thus, this defines a maximal Sp(2n,R)-Higgs bundle. Moreover, if
I1, · · · , In are line bundles satisfying I
2
j = O the following Sp(2n,R)-Higgs bundle is also maximal
(4.2) (V, β, γ) = (I1K
1
2 ⊕ I2K
1
2 ⊕ · · · ⊕ InK
1
2 , q2 ⊕ q2 ⊕ · · · ⊕ q2, 1⊕ 1⊕ · · · ⊕ 1) .
The bundle V in (4.2) satisfies V ⊗K−
1
2 = I1 ⊕ · · · ⊕ In, in particular, V ⊗K
− 1
2 is a rank n
orthogonal bundle. The total Stiefel-Whitney class of V ⊗K−
1
2 is given by
1 + sw1(V ⊗K
− 1
2 ) + sw2(V ⊗K
− 1
2 ) = 1 +
n∑
j=1
sw1(Ij) +
∑
j<k
sw1(Ii)⌣ sw1(Ik) .
In particular, by varying the choices of Ij we can obtain all possible values of the Stiefel-Whitney
classes (sw1, sw2) ∈ H
1(X,Z2)⊕H
2(X,Z2). This proves the following:
Theorem 4.12. ([16]) If ρ ∈ X (Γ, Sp(2n,R)) is a maximal representation and n > 2, then
• either ρ can be continuously deformed to ρ1Fuch ⊕ · · · ⊕ ρ
n
Fuch where ρ
j
Fuch : Γ→ SL(2,R)
is a lift of a Fuchsian representation ρFuch : Γ→ PSL(2,R).
• or ρ can be continuously deformed to a lift of ι ◦ ρFuch where ρFuch : Γ → PSL(2,R) is a
Fuchsian representation and ι : PSL(2,R)→ PSp(2n,R) is the principal embedding.
Maximal SO0(2, n): We now focus on maximal SO0(2, n)-representations. Recall from Definition
2.15 that an SO0(2, n)-Higgs bundle is given by a triple (V,W, η) where
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• V = L⊕L−1 is a rank 2 holomorphic bundle with orthogonal structure QV = ( 0 11 0 ) : V →
V ∗,
• W is a rank n holomorphic bundle with orthogonal structure QW :W →W
∗,
• η = (β, γ) ∈ H0(Hom(L−1,W )⊗K)⊕H0(Hom(L,W )⊗K)
The polystable SL(n + 2,C) Higgs bundle (E,Φ) associated to (L,W,QW , β, γ) has E = L ⊕
V ⊕ L−1 and, using the notation from section 3, Φ is given by
L
γ
55 W
β†
uu
γ†
33 L
−1
β
tt
,
where, as before, we have suppressed the twisting by K from the notation. The Toledo invariant
of an SO0(2, n)-Higgs bundle determined by (L,W, β, γ) is given by the degree of L. As with
SO0(2, 1), stability implies the Milnor-Wood inequality deg(L) ≤ 2g − 2 .
Proposition 4.13. If (L,W, β, γ) is a polystable SO0(2, n)-Higgs bundle with deg(L) = 2g−2, then
L ∼= KI and W admits a QW -orthogonal decomposition W = I ⊕W0 where W0 is a holomorphic
rank n− 1 bundle and I = ΛnW0 satisfies I
2 = O. Moreover,
γ ∼=
(
1
0
)
: KI → IK ⊕W0 ⊗K and β =
(
q2
β0
)
: K−1I → IK ⊕W0 ⊗K
where q2 ∈ H
0(K2) and β0 ∈ H
0(K ⊗ I ⊗W0).
Proof. If deg(L) = 2g − 2, then polystability implies γ 6= 0 and the image of γ is not contained
in the kernel of γT . In particular, γT ◦ γ ∈ H0((L−1K)2) \ {0}. This implies (L−1K)2 = O
and γ is nowhere vanishing. Set I = LK−1, then L = IK and I defines an orthogonal line
subbundle of W . Taking the QW -orthogonal complement of I gives a holomorphic decomposition
W = I ⊕ (I)⊥. Since ΛnW = O, we conclude W = I ⊕W0 where I = Λ
nW0. Since the image
of γ is identified with I, we can take γ ∼=
(
1
0
)
: KI → IK ⊕W0 ⊗K. Finally, the holomorphic
section β of Hom(IK−1, I ⊕ W0) ⊗ K decomposes as β = q2 ⊕ β0 where q2 ∈ H
0(K2) and
β0 ∈ H
0(W0 ⊗ IK). 
By the above proposition, maximal SO0(2, n)-Higgs bundles is determined by a triple (W0, β0, q2)
where W0 is a rank n − 1 orthogonal vector bundle. Let M
sw2
sw1
(SO0(2, n)) denotes the space of
maximal SO0(2, n)-Higgs bundles such that the first and second Stiefel-Whitney classes of W0 are
sw1 and sw2; the space of maximal SO0(2, n)-Higgs bundles decomposes as
(4.3)
⊔
(sw1,sw2)∈
H1(X,Z2)⊕H
2(X,Z2)
Mmaxsw1,sw2(SO0(2, n)) .
Remark 4.14. In [3] it is proven that, for n > 3, the spaces Msw2sw1(SO0(2, n)) are nonempty
and connected for each value of (sw1, sw2) ∈ H
1(X,Z2)⊕H
2(X,Z2). In particular, the space of
maximal SO0(2, n)-representations has 2
2g+1 connected components for n > 3.
We will now explain how each of the corresponding components of the character variety can
be thought of as a deformation spaces of Fuchsian representations. Recall that if ρFuch : Γ →
SO0(2, 1) is a Fuchsian representation then the corresponding Higgs bundle is given by
(L, β, γ) = (K, q2, 1).
If W0 is a polystable rank n− 1 orthogonal bundle with first Stiefel-Whitney class zero, then the
SO0(2, n)-Higgs bundle given by
(L,W, β, γ) = (K , O ⊕W0 , (q2, 0) , (1, 0))
is a maximal Higgs bundle in M
sw2(W0)
sw1=0
(SO0(2, n)). The associated representation is
ρ = ρFuch ⊕ α
where α : Γ→ SO(n− 1) is the representation associated to the polystable vector bundle W0. In
particular, one can take W0 = O ⊕ · · · ⊕ O, in which case α will be the trivial representation.
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To obtain representations in the connected components with sw1 6= 0, consider a Fuchsian
representation ρFuch : Γ → SO0(2, 1) and let α : Γ → O(n) be a representation so that the
associated flat holomorphic O(n − 1,C)-bundle has first and second Stiefel-Whitney classes sw1
and sw2. Denote the determinant representation of α by Λ
nα : Γ → O(1). The Higgs bundle
associated to the representation
ρFuch ⊗ Λ
nα⊕ α
is
(L,W, β, γ) = (KI, I ⊕W0, (q2, 0), (1, 0))
where the Higgs bundle associated to ρFuch is given by (K, q2, 1) and W0 is the flat holomorphic
orthogonal bundle associated to α. In particular, the Higgs bundle is in Msw2sw1(SO0(2, n)).
Theorem 4.15. If n > 3, then any maximal representation ρ : Γ→ SO0(2, n) can be continuously
deformed to a representation
ρFuch ⊗ Λ
nα⊕ α
where ρFuch : Γ → SO0(2, 1) is a Fuchsian representation and α : Γ → O(n − 1). Moreover, the
connected component of ρ is determined by the Stiefel-Whitney classes of S˜ ×α O(n− 1).
5. The special case of maximal SO0(2, 3) ∼= PSp(4,R) representations
The group Sp(4,R) is a double cover of SO0(2, 3). The case of maximal Sp(4,R)-Higgs bundles
behave differently than the general case, similarly, maximal SO0(2, 3)-Higgs bundles behave differ-
ently than maximal SO0(2, n)-Higgs bundles. We will focus on SO0(2, 3) here since it generalizes
SO(2, 1) and will be generalized in the next section. In particular, we will show that Theorems
3.4, 3.6 and 3.10 for SO(2, 1)-representations all generalize to maximal SO0(2, 3)-representations.
Recall from Proposition 4.13, that a maximal SO0(2, 3)-Higgs bundle is determined by a triple
(W0, β0, q2) where W is a holomorphic O(2,C)-bundle with Λ
2W0 = I, β0 ∈ H
0(W0 ⊗ IK
2) and
q2 ∈ H
0(K2). The corresponding SL(5,C)-Higgs bundle can be represented schematically as
(5.1) KI
1
// I
1
//
q2
tt
K−1I
q2
uu
β0
rrW0β†
0
dd ,
where we again suppress the twisting by K from the notation. When the first Stiefel-Whitney
class ofW0 vanishes, the structure group ofW0 reduces to SO(2,C). In this case,W0 is isomorphic
to M ⊕M−1 for some line bundle M with deg(M) ≥ 0. Furthermore, the holomorphic section β0
decomposes as β0 = (µ, ν) ∈ H
0(M−1K2)⊕H0(MK2). Schematically, we have
(5.2) KI
1
// I
1
//
q2
ss
K−1I
q2
tt
νpp
µrr
Mµ
ii
M−1ν
bb .
If deg(M) > 0, then such a Higgs bundle is polystable only if µ 6= 0. Thus, we have a bound
0 ≤ deg(M) ≤ 4g − 4 .
Analogous to the switching isomorphism from Proposition 3.2 for SO(2, 1)-Higgs bundles, the
SO(2,C)× SO(3,C) gauge transformation (gV , gW ) given by gV = −IdK⊕K−1 and
gW =
 −1−1
−1
 : M ⊕O ⊕M−1 //M−1 ⊕O ⊕M
defines an isomorphism between Higgs bundle associated to (M, q2, µ, ν) and the Higgs bundle
associated to (M−1, q2, ν, µ). Thus we may assume deg(M) ≥ 0. If M
max
sw1=0(SO0(2, 3)) denotes
the space of maximal SO0(2, 3)-Higgs bundles with vanishing first Stiefel-Whitney class invariant,
then we have the following decomposition analogous to (3.5):
Mmaxsw1=0(SO0(2, 3)) =
⊔
0≤d≤4g−4
Mmaxd (SO0(2, 3))
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where Mmaxd (SO0(2, 3)) is the space of polystable maximal SO0(2, 3)-Higgs bundles given by
tuples (M,µ, ν, q2) with deg(M) = d. For d > 0, the following generalization of Hitchin’s theorem
(Theorem 3.4) for the components Md(SO0(2, 3)) was proven in [7].
Theorem 5.1. For each integer d ∈ (0, 4g− 4], the moduli space Mmaxd (SO0(2, 3)) is smooth and
diffeomorphic to the product of a rank (d+3g−3)-vector bundle Fd over the (4g−4−d)
th-symmetric
product Sym4g−4−d(X) with the vector space H0(K2).
The proof of above theorem is similar to that of Theorem 3.4. Namely, one considers the space
F˜d ×H
0(K2) where
(5.3) F˜d = {(M,µ, ν) | M ∈ Pic
d(X), µ ∈ H0(M−1K2) \ {0}, ν ∈ H0(MK2)} .
The map F˜d × H
0(K2) −→ Mmaxd (SO0(2, 3)) given by sending a tuple (M,µ, ν, q2) to the iso-
morphism class of the SO0(2, 3)-Higgs bundle (5.2) is surjective. Moreover, one checks that two
points (M,µ, ν, q2) and (M
′, µ′, ν′, q′2) in F˜d ×H
0(K2) lie in the same SO(2,C)× SO(3,C)-gauge
orbit if and only if M ′ = M, µ′ = λµ,ν′ = λ−1ν and q′2 = q2 for λ ∈ C
∗. Now, the result follows
just as in the case for SO(2, 1).
Remark 5.2. When d is maximal, the moduli space Mmax4g−4(SO0(2, 3)) is diffeomorphic to the
vector space H0(K4)×H0(K2). Since, µ ∈ H0(M−1K2) \ {0}, so M = K2 and ν ∈ H0(K4). The
associated connected component Xmax4g−4(SO0(2, 3)) is the set of SO0(2, 3)-Hitchin representations.
Theorem 3.6 and Theorem 3.10 forM(SO(2, 1)) both generalize to maximal SO0(2, 3) represen-
tations. Recall that if sw1 ∈ H
1(X,Z2) \ {0} and π : Xsw1 → X is the corresponding orientation
double cover, then the space Prym(Xsw1 , X) ⊂ Pic
0(Xsw1) defined in (3.6) has two connected
components Prymsw2(Xsw1 , X) labeled by a class sw2 ∈ H
2(X,Z/2).
Theorem 5.3. Let X be a Riemann surface with genus at least 2. The space of maximal SO0(2, 3)-
Higgs bundles Mmax0 (SO0(2, 3)) with vanishing first Stiefel-Whitney class and d = 0 described
above deformation retracts onto Pic0(X)/Z2 where Z2 acts by inversion. Similarly, the space of
maximal SO0(2, 3)-Higgs bundlesM
max
sw1,sw2
(SO0(2, 3)) with Stiefel-Whitney classes (sw1 6= 0, sw2)
from (4.3) deformation retracts onto Prymsw2(Xsw1 , X)/Z2 where Z2 acts by inversion.
Remark 5.4. Even though the spaces Mmax0 (SO0(2, 3)) and M
max
sw1,sw2
(SO0(2, 3)) are singular,
one can still parameterize these singular spaces. Such parameterizations are of course much
stronger results than the above theorem, and is carried out in [1].
Proof. Recall from Proposition 4.13 that a maximal SO0(2, 3)-Higgs bundle in one of the compo-
nentsMmax0 (SO0(2, 3)) orM
max
sw1,sw2
(SO0(2, 3)) is given by a tuple (W0, q2, β0) whereW0 is an rank
two orthogonal bundle with Stiefel-Whitney classes sw1 and sw2, β0 ∈ H
0(W0 ⊗Λ
2W0 ⊗K) and
q2 ∈ H
0(K2). Moreover, if (W0, q2, β0) defines a point in M
max
0 (SO0(2, 3)) then W0 = M ⊕M
−1
for some degree 0 line bundle M . Note that, as in section 3, W0 is a polystable vector bundle.
The SL(5,C)-Higgs bundle associated to a tuple (W0, q2, β0) is
(E,Φ) =
IK ⊕ IK−1 ⊕ I ⊕W0,

0 0 q2 β
†
0
0 0 1 0
1 q2 0 0
0 β0 0 0

 .
Consider the one parameter family of maximal SO0(2, 3)-Higgs bundles associated to (E, tΦ). It is
straight forward to check that the SO(2,C)×SO(3,C) gauge transformation gt =
((
t 0
0 t−1
)
, ( 1 00 Id )
)
of (KI ⊕K−1I, I ⊕W0) acts on (E, tΦ) by
gt ·
IK ⊕ IK−1 ⊕ I ⊕W0,

0 0 tq2 tβ
†
0
0 0 t 0
t tq2 0 0
0 tβ0 0 0

 =

0 0 t2q2 t
2β†0
0 0 1 0
1 t2q2 0 0
0 t2β0 0 0
 .
SinceW0 is a polystable, the SO0(2, 3)-Higgs bundle associated to lim
t→0
(E, tΦ) is given by (W0, 0, 0).
If (W0, q2, β0) defines a point in M
max
0 (SO0(2, 3)) then W0 = M ⊕M
−1 for a M ∈ Pic0(X).
However, as in the proof of Theorem 3.6, one cannot distinguish between M and M−1, and we
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conclude that the spaceMmax0 (SO0(2, 3)) deformation retracts onto Pic
0(X)/Z2 where Z/2 acts by
inversion. Similarly, when (W0, q2, β0) defines a point in M
max
sw1,sw2
(SO0(2, 3)), W0 defines a point
in Prym(Xsw2sw1 (Xsw1 , X). However, one cannot distinguish between W0 and W
∗
0 , and we conclude
that the space Mmaxsw1,sw2(SO0(2, 3)) deformation retracts onto Prym
sw2
sw1
(Xsw1 , X)/Z2. 
Let Xmaxd (Γ, SO0(2, 3)) and X
max
sw1,sw2
(Γ, SO0(2, 3)) be the connected components of the charac-
ter variety associated toMmaxd (SO0(2, 3)) andM
max
sw1,sw2
(SO0(2, 3)) respectively. The components
Xmax0 (Γ, SO0(2, 3)) ⊔ X
max
4g−4(Γ, SO0(2, 3)) ⊔
⊔
(sw1 6=0,sw2)
∈H1(X,Z2)⊕H
2(X,Z2)
Xmaxsw1,sw2(Γ, SO0(2, 3))
can be thought as deformation spaces of Fuchsian representations, while the remaining connected
components
⊔
0<d<4g−4
Xmaxd (Γ, SO0(2, 3)) cannot. More precisely, we have the following result
which generalizes results of [4] concerning maximal Sp(4,R)-representations.
Proposition 5.5. ([1]) For ρ ∈ Xmax(Γ, SO0(2, 3)) we have the following trichotomy:
• If ρ ∈
⊔
0<d<4g−4
Xmaxd (Γ, SO0(2, 3)), then ρ is Zariski dense.
• If ρ ∈ Xmax4g−4(Γ, SO0(2, 3)), then ρ can be continuously deformed to a representation ι◦ρFuch
where ρFuch : Γ→ SO0(2, 1) is a Fuchsian representation and ι : SO0(2, 1)→ SO0(2, 3) is
the principal embedding.
• Otherwise ρ ∈ Xmax0 (Γ, SO0(2, 3)) ⊔ X
max
sw1,sw2
(Γ, SO0(2, 3)) and ρ can be continuously de-
formed to a representation ρFuch ⊗ Λ
2α ⊕ α where ρFuch : Γ → SO0(2, 1) is a Fuchsian
representation and α : Γ → O(2). Moreover, the Stiefel-Whitney classes of the flat O(2)-
bundle associated to α are the same as the Stiefel-Whitney class invariants of ρ.
Note that the second point follows since Xmax4g−4(Γ, SO0(2, 3)) is the Hitchin component. The
third point is a direct corollary of Theorem 5.3.
5.1. Deforming maximal SO0(2, 3) into SO0(2, n) and SO0(3, 3). As we have seen, the set of
maximal SO0(2, n)-representations behave differently when n = 3 compared to n > 3. However,
for n > 3, consider the embedding of i : SO0(2, 3)→ SO0(2, n) given by the isometric embedding
R2,3 // R2,n
(x1, · · · , x5)
✤ // (x1, · · · , x5, 0 · · · , 0)
.
Using the notation (5.1), the induced map from maximal SO0(2, 3) Higgs bundles to maximal
SO0(2, n)-Higgs bundles is given by
KI
1
// I
1
//
q2
tt
K−1I
q2
uu
β0
rrW0β†0
dd
✤ i // KI
1
// I
1
//
q2
ss
K−1I
q2
tt
β0
ppW0β†
0
ii
U
where U is the direct sum of n − 4 trivial bundles. In particular, the space Mmaxsw1,sw2(SO0(2, 3))
is mapped into Mmaxsw1,sw2(SO0(2, 4)). Since the Stiefel-Whitney class invariants (sw1, sw2) deter-
mine the connected components ofMmaxsw1,sw2(SO0(2, 4)) the componentsM
max
d (SO0(2, 3)) can be
deformed to each other inside Mmax(SO0(2, 4)). More precisely, we have the following.
Proposition 5.6. Let i : Mmax(SO0(2, 3)) → M
max(SO0(2, n)) be the map induced by the iso-
metric embedding R2,3 → R2,n+1. For d even, the image of the components Mmaxd (SO0(2, 3))
under i are all contained in Mmaxsw1=0,sw2=0(SO0(2, n)), while for d odd, the image of the compo-
nents Mmaxd (SO0(2, 3)) under i are all contained in M
max
sw1=0,sw2 6=0
(SO0(2, n)).
In terms of representations, this says that, for any n > 2, every maximal-SO0(2, 3) can be
continuously deformed in the set of maximal SO0(2, n) to a Fuchsian representation. On the other
hand, if j : SO0(2, 3)→ SO0(3, 3) is the embedding given by the isometric embedding
R2,3 // R3,3
(x1, · · · , x5)
✤ // (0, x1, · · · , x5)
,
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we have the following:
Proposition 5.7. Let ρ : Γ→ SO0(2, 3) be a maximal representation and let j : X (Γ, SO0(2, 3))→
X (Γ, SO0(3, 3)) be the map induced by the embedding described above. If ρ is a Hitchin represen-
tation in SO0(2, 3), then j(ρ) is a Hitchin representation in SO0(3, 3). Otherwise, j(ρ) can be
continuously deformed to a representation with compact Zariski closure.
Proof. By Proposition 4.7, the SO0(3, 3)-Hitchin component can be interpreted as the deformation
space of the image of the SO0(2, 3)-Hitchin component under the map j. For the second point,
recall that the Lie groups SO0(3, 3) and PSL(4,R) are isomorphic. Hence the result follows from
Corollary 4.10 of Hitchin’s theorem. 
6. Generalizing maximal SO0(2, 3) representations to SO0(n, n+ 1) and SO0(n, n+ 2)
In the previous section we saw how many of Hitchin’s results for the SO(1, 2)-Higgs bundles had
generalizations to the set of maximal SO0(2, 3)-Higgs bundles. These generalizations followed from
the extra symmetries maximality imposed on the Higgs field. Moreover, using the low dimensional
isomorphism SO0(2, 3) = PSp(4,R), we saw that the special features for maximal Sp(4,R)-Higgs
bundles do not generalize to Sp(2n,R). In this section, we will discuss some results from [7] and [6]
which show that the special features of the maximal SO0(2, 3)-Higgs bundles have generalizations
in the space of SO0(n, n+1)-Higgs bundles. In this case, there is no known “topological invariant”
which distinguishes these generalizations. The following theorem is the main result.
Theorem 6.1. For each integer d ∈ (0, n(2g − 2)], there is a connected component
Md(SO0(n, n+ 1)) ⊂M(SO0(n, n+ 1)
which is smooth and diffeomorphic to the product of a rank (d+(2n− 1)(g− 1))-vector bundle Fd
over the (n(2g− 2)− d)th-symmetric product Symn(2g−2)−d(X) with the vector space
n−1⊕
j=1
H0(K2).
Corollary 6.2. When the integer invariant d is maximal (i.e. d = n(2g− 2)), the above theorem
recovers Hitchin’s parameterization of the SO0(n, n+ 1)-Hitchin component.
Remark 6.3. For n ≥ 2, SO0(n, n + 1) is not of Hermitian type and the topological invariants
associated to an SO0(n, n+1)-representation are two second Stiefel-Whitney classes. In particular,
if Xd(Γ, SO0(n, n+1)) denotes the connected component of the character variety corresponding to
Md(SO0(n, n+ 1), then these invariants do not distinguish the components Xd(Γ, SO0(n, n+1)).
In fact, these are the first examples of non-Hitchin and non-maximal connected components of
character varieties X (Γ,G) which are not distinguished by a topological invariant ω ∈ π1(G).
We start by considering a natural generalization of the space F˜d from (5.3). Consider the space
F˜d = {(M,µ, ν) | M ∈ Pic
d(X), µ ∈ H0(M−1Kn) \ {0}, ν ∈ H0(MKn)} .
Note that the condition µ ∈ H0(M−1Kn) \ {0} implies that the integer d satisfies the bound
0 ≤ d ≤ n(2g − 2).
Associated to a point in F˜d×
n−1⊕
j=1
H0(K2j) we can construct an SO0(n, n+1)-Higgs bundles by
(M,µ, ν, q2, · · · , q2n−2) −→
V , W0 ⊕M ⊕M−1 ,
η0α
β

where (V,W0, η0) is the SO0(n − 1, n)-Higgs bundle in the Hitchin component associated to
(q2, · · · , q2n−2) (see Proposition 4.6) and(
α
β
)
: V = Kn−1 ⊕Kn−3 ⊕ · · ·K3−n ⊕K1−n −→ (M ⊕M−1)⊗K
is given by
α = (0, · · · , 0, ν) and β = (0, · · · , 0, µ) .
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Moreover, one can show that, for d > 0, such a Higgs bundle defines a polystable SO0(n, n + 1)-
Higgs bundle. Hence, we have a map Ψ˜d from the set F˜d ×
n−1⊕
j=1
H0(K2j) to the set of polystable
SO0(n, n+1)-Higgs bundles. The next step is to show that the only SO(n,C)×SO(n+1,C)-gauge
transformations which preserve the image of Ψ˜d act by
Ψ˜d(M,µ, ν, q2, · · · , q2n−2) −→ Ψ˜d(M,λµ, λ
−1ν, q2, · · · , q2n−2)
for λ ∈ C∗. This is done directly.
The map Ψ˜d therefore descends to a map
Ψd : Fd × (
n−1⊕
j=1
H0(K2j)) −→M(SO0(n, n+ 1))
where Fd is the rank (d+ (2n− 1)(g − 1))-vector bundle over Sym
n(2g−2)−d(X) given by
Fd = F˜d/C
∗
where C∗ acts by λ · (M,µ, ν) = (M,λµ, λ−1ν).
For the SO0(1, 2) and SO0(2, 3) cases, we arrived at the above description via restrictions given
by certain topological invariants. In the general case, we do not have these topological invariants,
so we must showΨd is open and closed. To show that the image of Ψd is closed inM(SO0(n, n+1))
we use the properness of the Hitchin fibration. Namely, if a sequence diverges in the parameter
space Fd×
n−1⊕
j=1
H0(K2j), then the corresponding points in the Hitchin base associated to the image
of Ψd will also diverge. To finish the argument, note that, by a simple dimension count, image of
Ψd is the expect dimension of the moduli space.
Remark 6.4. In fact, it is shown in [6] that all of the components of M(SO(1, 2)) generalize to
SO(n, n+1). In particular, there is also a connected componentM0(SO0(n, n+1)) ofM(SO0(n, n+
1)) which corresponds to the above integer d being zero. Moreover, if X0(Γ, SO0(n, n+ 1)) is the
connected component of the character variety associated toM0(SO0(n, n+1), then one can show
that every representation ρ ∈ X0(Γ, SO0(n, n+1) cannot be deformed to a compact representation,
but can be continuously deformed to a representation
(ι ◦ ρFuch)⊕ α .
Here ρFuch : Γ → PSL(2,R) is a Fuchsian representation, ι : PSL(2,R) → SO0(n, n − 1) is the
principal embedding and α : Γ → SO(2). This should be interpreted as a result analogous to
Proposition 5.5. Generalizing the notation of (5.1), the SO0(n, n + 1)-Higgs bundle associated
(ι ◦ ρFuch)⊕ α is given by
Kn−1
1
// Kn−2
1
// · · ·
1
// K
1
// I
1
// K−1
1
// · · ·
1
// K2−n
1
// K1−n
M
M−1
,
where M is a holomorphic line bundle of degree zero.
Let Xd(Γ, SO0(n, n+1)) be the connected component of X (Γ, SO0(n, n+1)) which corresponds
to Md(SO0(n, n + 1). For representations in Xd(Γ, SO0(n, n + 1), there are no obvious model
representations to deform to. It is most likely that, for 0 < d < n(2g − 2), all the representations
in the components Xd(Γ, SO0(n, n+ 1) are Zariski dense.
6.1. Deforming SO0(n, n + 1) into SO0(n, n + 2). To conclude, we show that, analogous to
Proposition 5.6, all of the connected components Md(SO0(n, n + 1)) described above can be
deformed into each other in the space M(SO0(n, n+ 2)). We will do this by constructing explicit
deformations. The ideas in the analysis below are similar to how the Morse flow works in the
SO0(1, 3) = PSL(2,C)-Higgs bundles moduli space. These ideas play an essential role in [2] where
we describe the connected components of M(SO(p, q)). However, in the general SO(p, q) case, the
arguments become much more complex. For clarity and notational convenience, we will describe
how this works in the case n = 3.
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Let i : SO0(3, 4)→ SO0(3, 5) be the embedding induced by the isometric embedding
R3,4
i // R3,5
(x1, · · · , x7)
✤ // (x1, · · · , x7, 0)
.
This induces a map from SO0(3, 4)-Higgs bundles to SO0(3, 5)-Higgs bundles given by sending
(V,W, η) to (V,W⊕O, ( η0 )). For a fixed d > 0, consider a Higgs bundle in the connected component
Md(SO0(3, 4)) given by
(6.1) V = K2 ⊕O ⊕K−2 W =M ⊕K ⊕K−1 ⊕M−1 η =
(
0 0 0
1 0 0
0 1 0
0 0 µ
)
: V →W ⊗K
where M ∈ Picd(X) and µ ∈ H0(M−1K3) \ {0}.
For each ǫ ∈ Ω0,1(X,M−1) with [ǫ] ∈ H1(M−1) \ {0}, consider the holomorphic structure on
the smooth bundle M ⊕M−1 ⊕O given by
∂¯ǫ =
∂¯M ∂¯M−1 ǫ
−ǫ ∂¯O
 ∈ Ω0,1(X,End(M ⊕M−1 ⊕O)) .
Note that the orthogonal structure Q =
(
0 1 0
1 0 0
0 0 1
)
on M ⊕M−1⊕O is holomorphic with respect
to ∂¯ǫ. Note also that, if η is given by (6.1), then the Higgs field (
η
0 ) : V →W ⊕O is holomorphic
with respect to the holomorphic structures
∂¯V =
(
∂¯
K2
∂¯O
∂¯
K−2
)
and ∂¯ǫW⊕O =

∂¯M
∂¯K
∂¯
K−1
∂¯
M−1
ǫ
−ǫ ∂¯O
 .
Hence, (∂¯V , ∂¯
ǫ
W⊕O, (
η
0 )) defines an SO0(3, 5)-Higgs bundle. Moreover, (∂¯V , ∂¯
ǫ
W⊕O, (
η
0 )) is polystable,
since any potentially destabilizing subbundle of (V ⊕W ⊕O) would also destabilize the original
SO0(3, 4)-Higgs bundle (6.1).
Proposition 6.5. For 0 < d, let M ∈ Picd(X) and fix
[ǫ] ∈ H1(M−1) \ {0} and µ ∈ H0(M−1K3) \ {0} .
If (∂¯V , ∂¯
ǫ
W⊕O,
(
0
η
)
) is the SO0(3, 5) described above, then:
• lim
t→∞
(∂¯V , ∂¯
ǫ
W⊕O, t
(
0
η
)
) exists in the moduli space and is given by (6.1).
• lim
t→0
(∂¯V , ∂¯
ǫ
W⊕O, t
(
0
η
)
) is either given by
(6.2) V ′ = K2 ⊕O ⊕K−2 W ′ = N ⊕K ⊕K−1 ⊕N−1 ⊕O η′ =
(
0 0 0
1 0 0
0 1 0
0 0 α
0 0 0
)
: V →W ⊗K
where deg(N) ≡ d mod 2 and α ∈ H0(N−1K3) \ {0}, or
(6.3) V ′ = K2 ⊕O ⊕K−2 W = K ⊕K−1 ⊕W0 η
′ =
(
1 0 0
0 1 0
0 0 0
)
: V →W ⊗K
where W0 is a polystable SO(3,C) bundle with second Stiefel-Whitney class d mod 2.
Remark 6.6. Note that this proposition implies that the connected components Md(SO0(3, 4))
can be deformed to Md′(SO0(3, 4)) inside M(SO0(3, 5)) if and only if d ≡ d
′ mod 2.
We also have the following corollary.
Corollary 6.7. Every ρ ∈ Xd(SO0(3, 4)) can be deformed in X (SO0(3, 5)) to a representation
ι ◦ ρFuch ⊕ α where ρFuch : Γ→ SO0(2, 1) is a Fuchsian representation, ι : SO0(2, 1)→ SO0(3, 2)
is the principal embedding and α : Γ→ SO(3).
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Proof. (of Proposition 6.5) For the limit as t → ∞, note that the SO(3,C) × SO(5,C) gauge
transformations
gtV =
(
t2
1
t−2
)
and gtW⊕O =
 t3 t1
t−1
t−3
1

act on ∂¯V , ∂¯
ǫ
W⊕O, and t (
η
0 ) by (g
t
V , g
t
W⊕O) · ∂¯V = ∂¯V and
(gtV , g
t
W⊕O) · ∂¯
ǫ
W⊕O =

∂¯M
∂¯K
∂¯
K−1
∂¯
M−1
t−3ǫ
−t−3ǫ ∂¯O
 and (gtV , gtW⊕O) · t ( η0 ) = ( η0 ) .
After acting by this gauge transformation, it becomes clear that lim
t→∞
(∂¯V , ∂¯
ǫ
W⊕O, t
(
0
η
)
) is given
by (6.1).
For the limit as t → 0, let W0 be the holomorphic orthogonal bundle with Dolbeault operator
∂¯ǫ =
(
∂¯M
∂¯
M−1
ǫ
−ǫ ∂¯O
)
in the smooth splitting M ⊕M−1 ⊕O.
Suppose W0 is a polystable holomorphic orthogonal bundle. The gauge transformations
gtV =
(
t2
1
t−2
)
and gtW⊕O =
( 1
t1
t−1
1
1
)
act as (gtV , g
t
W⊕O) · ∂¯V = ∂¯V , (g
t
V , g
t
W⊕O) · ∂¯
ǫ
W⊕O = ∂¯
ǫ
W⊕O, and
(gtV , g
t
W⊕O) · t (
η
0 ) =
( 0 0 0
1 0 0
0 1 0
0 0 t3µ
0 0 0
)
.
Since W0 is assumed to be polystable, the limit as t→ 0 is given by (6.3).
Now assume W0 is an unstable SO(3,C) bundle. In this case, W0 has a unique destabilizing
(positive degree) isotropic5 line subbundle N ⊂W0. Thus, in the smooth splitting N ⊕N
−1 ⊕O
of W0 we can write
∂¯ǫW0 =
∂¯N −δ∂¯N−1
δ ∂¯O

for some [δ] ∈ H1(N) \ {0}. In the smooth splitting W = N ⊕K ⊕K−1 ⊕ N−1 ⊕ O, the Higgs
field t ( η0 ) is given by
(6.4)
(
0 0 tβ
t 0 0
0 t 0
0 0 tα
0 0 tγ
)
with α 6= 0. Now, in the smooth splittingW = N⊕K⊕K−1⊕N−1⊕O, the gauge transformations
gtV =
(
t2
1
t−2
)
and gtW⊕O =
 t3 t1
t−1
t−3
1

act by (gtV , g
t
W⊕O) · ∂¯V = ∂¯V ,
(gtV , g
t
W⊕O) · ∂¯
ǫ
W⊕O =

∂¯N −t
3δ
∂¯K
∂¯
K−1
∂¯
N−1
t3δ ∂¯O
 and (gtV , gtW⊕O) · t ( η0 ) =
 0 0 t6β1 0 00 1 0
0 0 α
0 0 t3γ
 .
After changing by this gauge, it is clear that lim
t→0
(∂¯V , ∂¯
ǫ
W⊕O, t
(
0
η
)
) is given by (6.2). 
Remark 6.8. In [2], Higgs bundles are used to show that the representations in the connected
components Xd(Γ, SO0(3, 4)) cannot be deformed to compact representations in the SO0(3, 5)
character variety. In particular, this implies the existence of exotic connected components of
X (Γ, SO0(3, 5)). More generally, this is carried out for X (Γ, SO(p, q)) when 2 < p < q.
5One way to interpret this is that an SO(3,C) bundle with vanishing second Stiefel-Whitney class is the second
symmetric product of rank 2 holomorphic vector bundle V .
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